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Zero-energy bound or quasibound states and their implications for diatomic systems
with an asymptotic van der Waals interaction

Bo Gao
Department of Physics and Astronomy, University of Toledo, Toledo, Ohio 43606

~Received 21 July 2000; published 18 October 2000!

Using an l-insensitive quantum defect theory, we derive a set of universal properties, both spectral and
scattering, that are shared by diatomic systems with an asymptotic van der Waals interaction and having a
zero-energy bound or a quasibound state of angular momentuml b . The 133Cs dimer is studied as an example.
Systems that are close to having a bound or a quasibound state at the threshold are also discussed.

PACS number~s!: 34.10.1x, 33.20.Vq, 32.80.Pj
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For a quantum system with an asymptotic interaction
the form of 2Cn /r n with n.2, it is possible to have a
bound~in the case ofl .0) or a quasibound state~in the case
of l 50) right at the threshold that is characterized by a wa
function with an asymptotic behavior ofu(r )→A/r l in the
limit of large r. Recent developments in cold-atom phys
have led to considerable interest in diatomic systems
have or are close to having such a state because of
special scattering characteristics@1#. Systems of this type are
also of interest in the study of three-body dynamics, such
the existence of Efimov states@2#, and in many-body phys
ics, where they can be good candidates for going beyond
weak-coupling regime of the Bose-Einstein condensa
~BEC! @3#.

While the effective range expansion has provided insi
into diatomic systems with a zero-energy quasibounds state
@1#, it is not useful for systems with zero-energy bound sta
of lÞ0. The long-range character of the van der Waals
teraction is such that the scattering length is not defined
l .1 and the effective range is not defined forl .0 @4,5#.
Even for thes wave, the effective range expansion is n
applicable beyond thek2 term @5#, implying that the energy
range over which it is applicable is very limited.

Based on anl-insensitive quantum-defect theory@6#, we
present in this Rapid Communication a general discussio
the properties of diatomic systems with an asymptotic v
der Waals interaction and having a zero-energy bound
quasibound state of angular momentuml b . We show that
such states do not appear in isolation. They appear in
Specifically, if there is a bound or quasibound state of an
lar momentuml b right at or very close to the threshold, the
are also bound or quasibound states of angular momenl
5 l b64 j ( l>0 andj 51,2, . . . ) that are right at or very close
to the threshold. For example, if a system is close to hav
a quasibounds state at the threshold, it will also be close
having a boundg state at the threshold. As a related conc
sion, diatomic systems with an asymptotic van der Wa
interaction and having zero-energy bound or quasibo
states can be classified into four types, each with its cha
teristic spectral and scattering properties, which will be p
sented and discussed.

The key concept of thel-insensitive quantum-defec
theory@6# is the following. Under proper conditions that a
satisfied by most diatomic systems@6#, the bound spectra an
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scattering ofdifferent relative angular momenta can be d
scribed by thesameshort-range parameterKc, in combina-
tion with solutions for the long-range interactions@7,8#. To
briefly summarize, the bound spectra are given by cross
points between a set of universal functionsx l

c(es), which
come from the solutions for the asymptotic potential, an
short-range parameterKc, which is, to a good approximation
independent of both the energy and the angular momen
in the threshold region~see Fig. 1!. Thex l

c functions for the
van der Waals interaction,2C6 /r 6, are given explicitly in
@6#. They are functions of a scaled energyes defined by

es5
1

16

e

~\2/2m!~1/b6!2
, ~1!

whereb6[(2mC6 /\2)1/4.
Above the threshold, the scatteringK matrix is given by

the same parameterKc through the equation

Kl[tand l5~KcZgg
c 2Zf g

c !~Zf f
c 2KcZg f

c !21, ~2!

FIG. 1. The dimensionlessx l
c functions for the2C6 /r 6 inter-

action plotted vs (es)
1/3. Solid line, l 50; dashed line,l 51; dash-

dotted line, l 52; dotted line,l 53; long dashed line,l 54. For
systems satisfyingb6@r 0, the bound spectra in the threshold regio
are given by the crossing points ofx l

c functions with a single hori-
zontal line representingKc5const. The four horizontal lines in the
figure represent four classes of diatomic systems that have z
energy bound or quasibound states.
©2000 The American Physical Society02-1
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where theZc matrix comes again from the solutions for th
van der Waals potential@7# and is given explicitly by

Zf f
c 5

221/2Ge l~n!cosp~n2n0!

~Xe l
2 1Ye l

2 !sinpn

3$@12~21! lM e l tanp~n2n0!#sin~pn/2!Xe l

1@11~21! lM e l tanp~n2n0!#cos~pn/2!Ye l%,

~3!

Zf g
c 5

221/2Ge l~n!cosp~n2n0!

~Xe l
2 1Ye l

2 !sinpn

3$@ tanp~n2n0!2~21! lM e l #sin~pn/2!Xe l

1@ tanp~n2n0!1~21! lM e l #cos~pn/2!Ye l%, ~4!

Zg f
c 5

221/2Ge l~n!cosp~n2n0!

~Xe l
2 1Ye l

2 !sinpn

3$@11~21! lM e l tanp~n2n0!#cos~pn/2!Xe l

2@12~21! lM e l tanp~n2n0!#sin~pn/2!Ye l%,

~5!

Zgg
c 5

221/2Ge l~n!cosp~n2n0!

~Xe l
2 1Ye l

2 !sinpn

3$@ tanp~n2n0!1~21! lM e l #cos~pn/2!Xe l

2@ tanp~n2n0!2~21! lM e l #sin~pn/2!Ye l%. ~6!

TABLE I. Scaled bound-state energieses, of a quantum system
with an asymptotic van der Waals interaction and a set of ze
energy bound or quasibound states ofl b54 j , j 50,1,2, . . . . The
symmetry of the system may be such that only the even or only
odd partial wave states are allowed.

l 50 l 51 l 52 l 53 l 54 l 55

0.0
29.879 28.789 26.668 23.648 0.0

268.12 266.03 261.89 255.74 247.69 237.87
2217.7 2214.6 2208.5 2199.3 2187.2 2172.2

TABLE II. Same as Table I, except forl b54 j 11.

l 50 l 51 l 52 l 53 l 54 l 55

20.2828 0.0
218.23 216.89 214.25 210.42 25.568 0.0
295.27 292.94 288.29 281.39 272.31 261.17

2274.4 2271.1 2264.4 2254.5 2241.4 2225.1
05070
HereM e l5Ge l(2n)/Ge l(n), with n, Xe l , Ye l , andGe l be-
ing defined in@7#. They are all functions of the scaled energ
es . TheZc matrix is related to theZ matrix defined in@7# by
a linear transformation.

Near the threshold, thex l
c function @6# exhibits the behav-

ior

x l
c ——→

es→0

tan~pn0/2!5tan~ lp/41p/8!. ~7!

A diatomic system with a bound or quasibound state of
gular momentuml b right at the threshold must therefor
have a short-range parameterKc given by

Kc5tan~ l bp/41p/8!. ~8!

Depending on the value ofl b , there are four possible value
that Kc can take. Since states of different angular mome
are all described by the sameKc, and sincex l

c has the same
zero-energy limit forl and l 64 j , it is easily deduced tha
zero-energy bound or quasibound states come in sets and
be classified into four types according to

Kc55
1tan~p/8!, l b54 j

1tan~3p/8!, l b54 j 11

2tan~3p/8!, l b54 j 12

2tan~p/8!, l b54 j 13,

~9!

where j 50,1,2, . . . . For thetype of system characterized b
Kc5tan(p/8), Kc crosses a set ofx l

c with l 54 j right at the
threshold, leading to a set of zero-energy bound or qu
bound states ofl b54 j . Similarly, three other values ofKc

describe three other types of systems with sets of ze
energy bound states ofl b54 j 11, l b54 j 12, and l b54 j
13, respectively. Each type of system has a unique se
bound spectra and scattering properties, as specified
Tables I–IV and Figs. 2–5. The bound spectra are de
mined as in Fig. 1. The scattering properties are determi
from Eq.~2!. From this classification, it is also clear that if
system is close to having a zero-energy bound or quasibo

-

e

TABLE III. Same as Table I, except forl b54 j 12.

l 50 l 51 l 52 l 53 l 54 l 55

21.577 21.001 0.0
230.27 228.68 225.54 220.92 214.97 27.885

2128.8 2126.2 2121.1 2113.4 2103.3 290.89
2340.1 2336.6 2329.4 2318.8 2304.7 2287.1

TABLE IV. Same as Table I, except forl b54 j 13.

l 50 l 51 l 52 l 53 l 54 l 55

24.553 23.716 22.124 0.0
246.68 244.84 241.19 235.81 228.80 220.32

2169.4 2166.6 2160.9 2152.5 2141.4 2127.7
2415.6 2411.8 2404.2 2392.8 2377.7 2358.9
2-2
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state of angular momentuml b @namely, having aKc that is
close to one of the four values in Eq.~9!#, it will also be
close to having zero-energy bound or quasibound state
angular momental 5 l b64 j , since the zero-energy limits o
x l

c are the same forl b andl b64 j . Depending on whetherKc

is slightly greater than or smaller than one of the four valu
in Eq. ~9!, those states show up either as a set of bound st
with es!1 or as narrow shape resonances, forl .0, and an
increase in the density of states, forl 50, right above the
threshold.

Table I and Fig. 2 give, respectively, the bound spec
and the partial cross sections for the class of systems ha
bound or quasibound states ofl b54 j 50,4,8, . . . , right at
the threshold. They are characterized byKc5tan(p/8).
While Eq.~2! and Fig. 2 are applicable over a wide range
energies and include much more than just the threshold
haviors, it is still of interest to look more closely at wheth
and how the threshold behaviors may be effected by the p
ence of the zero-energy bound or quasibound states. F

FIG. 2. Partial scattering cross sections for a quantum sys
with an asymptotic van der Waals interaction and a set of ze
energy bound or quasibound states ofl b54 j , j 50,1,2, . . . . The
cross sections should be multiplied by 2 if the symmetry is such
only the even or only the odd partial waves are allowed.

FIG. 3. Same as Fig. 2, except forl b54 j 11.
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the Kc parameter, thes-wave scattering length can general
be found through the relationship@9#

al 505
23/2p

@G~1/4!#2

Kc1tan~p/8!

Kc2tan~p/8!
b6 , ~10!

and the correspondings-wave effective range can be foun
through the relationship in@5#. For the class of systems cha
acterized byKc5tan(p/8), the s-wave scattering length is
al 505`, as expected, and thes-wave effective range is
r el505(3p)21@G(1/4)#2b6. The s-wave partial cross sec
tion diverges at the threshold according to@9#

s l 50 ——→
e→0

~4p/k2!@11~1/4!r el50
2 k2#21, ~11!

which, other than the specific value forr el50, could have
been predicted by the effective range expansion. The thr
old behaviors for the higher partial waves@5# are not in this
case effected by the presence of the zero-energy bound
quasibound states ofl b54 j 50,4,8, . . . .

Table II and Fig. 3 give, respectively, the bound spec
and the partial cross sections for the class of systems tha
characterized byKc5tan(3p/8) and have zero-energ

m
-

at

FIG. 4. Same as Fig. 2, except forl b54 j 12.

FIG. 5. Same as Fig. 2, except forl b54 j 13.
2-3
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bound states ofl b54 j 1151,5,9, . . . . In this case, the
p-wave partial cross section goes to a constant instea
zero at the threshold, according to@9#

s l 51 /~pb6
2! ——→

e→0
323@G~3/4!#2452p2. ~12!

Systems of this type should be of interest in the study o
cold atomic Fermi gas@10#, as evaporative cooling remain
effective towards zero temperature. The threshold behav
for the lower and the higher partial waves are not effected
the presence of the zero-energy bound states. In partic
the s-wave scattering length is given in this case byal 50
54p@G(1/4)#22b6, and the effective range is given b
r el505(6p)21@G(1/4)#2b6.

Table III and Fig. 4 give, respectively, the bound spec
and the partial cross sections for the class of systems tha
characterized byKc52tan(3p/8) and have bound states o
l b54 j 1252,6,10, . . . , right at the threshold. The thresho
behaviors@5# for this class of systems are not effected by t
presence of the zero-energy bound states. Thes-wave scat-
tering length is given byal 5052p@G(1/4)#22b6, and the
effective range is given byr el505(3p)21@G(1/4)#2b6.

Table IV and Fig. 5 give, respectively, the bound spec
and the partial cross sections for the class of systems tha
characterized byKc52tan(p/8) and have bound states o
l b54 j 1353,7, . . . ,right at the threshold. In this case, th
s-wave scattering length goes to zero and the effective ra
goes to infinity. Thes-wave threshold behavior cannot b
described by the effective range expansion. It is given
stead by@9#

s l 50 /~pb6
2! ——→

e→0
322@G~1/4!#2426p2~kb6!4,

~13!

which goes to zero ask4. The threshold behaviors@5# for the
higher partial waves are not effected by the presence of
zero-energy bound states.

The characteristic spectra presented in Tables I–IV
the partial cross sections presented in Figs. 2–5 are all g
in reduced units. The energies are scaled according to Eq~1!
and the cross sections are scaled bypb6

2. They are, however
easily converted into absolute scales by using the param
m andC6 for a particular system. As an example, we pres
05070
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in Table V predictions of the bound spectra of the133Cs
dimer in states characterized by quantum numberF15F2
54, F58, l 50,2,4,6, andT5F1 l @11#, assuming that it
has a triplet quasibounds state right at the threshold@1#.
They are obtained usingm5121 135.89 a.u. andC656851
a.u. @12#. The partial cross sections in Fig. 2 can be co
verted into absolute scales for cesium in a similar fashio

In conclusion, we have presented a general discussio
the properties of quantum systems with an asymptotic
der Waals interaction and having zero-energy bound or q
sibound states. The classification of these systems into
types, and the four sets of universal properties associ
with them, are not only interesting by themselves. They a
provide the reference points for an understanding of any
atomic system with an asymptotic van der Waals interacti
In the example of the133Cs dimer, for instance, if the bound
state energies are found experimentally@13# to be slightly
higher than those presented in Table V, it could mean t
the Kc parameter is slightly smaller than tan(p/8) @14#. The
scattering length would in this case be large~compared to
b6) and negative, and the system should show a nar
g-wave shape resonance right above the threshold. On
other hand, if the bound-state energies are found@13# to be
slightly lower than those presented in Table V, it could me
that theKc parameter is slightly greater than tan(p/8) @14#.
The scattering length would in this case be large and p
tive, and the system should not show ag-wave shape reso
nance right above the threshold.

This work was supported by National Science Foundat
Grant No. PHY-9970791.

TABLE V. Bound-state energies~in GHz! of 133Cs2 with quan-
tum numbersF154, F254, F58, l 50,2,4,6, andT5F1 l , as-
suming that it has a zero-energy quasibound triplets state.

l 50 l 52 l 54 l 56

0.0
20.1054 20.07112 0.0
20.7266 20.6601 20.5087 20.2821
22.322 22.224 21.997 21.647
25.349 25.219 24.918 24.450

210.27 210.11 29.730 29.144
m
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